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RIGIDITY OF POWERS AND KOSNIOWSKI’S CONJECTURE
ZHI LÜ AND OLEG R. MUSIN
ABSTRACT. In this paperwe state some problems on rigidity of powers in terms of com-
plex analysis and number-theoretic abstraction, which has a strong topological back-
ground for the rigid Hirzebruch genera and Kosniowski’s conjecture of unitary circle
actions. However, our statements of these problems are elementary enough and do
not require any knowledge of algebraic topology. We shall give the solutions of these
problems for some particular cases. As a consequence, we obtain that Kosniowski’s
conjecture holds in the case of dimension ≤ 10 or equal to 14.
1. THE POWER–RIGIDITY PROBLEM
In this section we first give some simple notions and propose some problems in
terms of complex analysis and number-theoretic abstraction, whose original ideas come
from the topological background for the rigid Hirzebruch genera and Kosniowski’s
conjecture of unitary circle actions, as we will see in Section 3. This can lead us to work
on the framework of complex analysis and number-theoretic abstraction, so that we
can temporarily forget any topological background. We hope that we can use this way
to characterise all unitary closed S1-manifolds fixing only isolated points.
1.1. Tx,y–rigidity. Let W = (wij) be an m × n matrix, where all wij are nonzero inte-
gers. Let x and y be any complex numbers. Define a complex function in variable z as
follows:
TWx,y(z) :=
m∑
i=1
∏
j
xzwij + y
zwij − 1
.
Then TWx,y(z) is a rational function in z. We call numbers wij powers or weights.
Definition 1.1. We say that a setW of powers is rigid (or Tx,y–rigid) if the function T
W
x,y(z)
is a constant.
It is easy to prove the following statement.
Proposition 1.2. LetW is rigid . Then
TWx,y(z) ≡
m∑
i=1
xs
+
i (−y)s
−
i
where s+i , s
−
i are numbers of positive and negative powers wij in the row wi1, . . . , win.
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Definition 1.3. Let a1, . . . , an+1 be distinct integer numbers. Let
(wi1, . . . , win) := (ai − a1, . . . , ai − ai−1, ai − ai+1, . . . , ai − an+1).
ThenW is an (n+ 1)× n matrix. We say that this set of powers is quasilinear.
A proof of the following proposition can be found in [20].
Proposition 1.4. LetW is quasilinear. ThenW is rigid and
TWx,y(z) =
xn+1 − (−y)n+1
x+ y
.
Topologically, the above case actually corresponds to the case of almost complex
closed S1-manifolds fixing isolated points. Generally, it can be extended to the case
for sets of powers with signs, which has a more direct connection with Tx,y–genera of
unitary circle actions fixing isolated points. Let W = (wij) be an m × (n + 1) matrix,
where all wij are nonzero integers and wi,n+1 = ±1. Write εi = wi,n+1. Define
TWx,y(z) :=
m∑
i=1
εi
∏
j
xzwij + y
zwij − 1
whereW is called a set of powers with signs.
In a similar way to Definition 1.1, we say that a setW of powers with signs is rigid if
TWx,y(z) does not depend on z. In this case we also have
(1.1) TWx,y(z) =
m∑
i=1
εi
∏
j
xzwij + y
zwij − 1
≡
m∑
i=1
εix
s+
i (−y)s
−
i .
As we shall see, this formula is exactly (3.6), induced by the rigidity of Tx,y–genus.
Problem 1 (The power–rigidity problem). Let W be a rigid set of powers with signs or
without signs (i.e., anm× (n+ 1)-matrix or anm× n-matrix).
(i) What can be the setW of powers?
(ii) Suppose there are x and y such that TWx,y(z) 6= 0. Is there some linear function ℓ(n) such
thatm > ℓ(n)? In particular, is it true that
m ≥ [n/2] + 1?
Problem 1 (ii) is essentially related to the Kosniowski’s conjecture: for a unitary circle
action on a unitary closed manifoldM of dimension 2n fixing justm isolated points, if
M is not a boundary, thenm ≥ [n/2] + 1.
1.2. L–rigidity. Consider the case x = y = 1. Let
LW (z) := T
W
x,y(z).
Then
LW (z) =
m∑
i=1
εi
n∏
j=1
zwij + 1
zwij − 1
Note that, if we change a sign of any power wij , then this is equivalent to changing
the sign of εi. It is clear that without loss of generality we may assume that all powers
wij , j ≤ n, are positive. So here we may assume that w = (wij) is anm× nmatrix with
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all wij > 0. Let s := {ε1, . . . , εm} be the set of signs. ByW = {w, s}we denote the set of
weights and signs.
Definition 1.5. We say thatW is L–rigid if LW (z) does not depend on z.
By definition we have that Tx,y–rigidity implies L–rigidity. However, the L–rigidity
property is still stronger enough.
Proposition 1.6. LetW be L–rigid. Then LW (z) = 0 andm is even if n is odd, and LW (z) ≡
m (mod 2) if n is even.
Proof. Note that
LW (z
−1) = (−1)nLW (z).
Since LW (z−1) = LW (z) for all L–rigidW , for odd nwe have LW (z) = 0.
IfW with positive powers is L–rigid, then (1.1) yields that
LW (z) = ε1 + . . .+ εm.
This implies the equality LW (z) ≡ m (mod 2). In particular, since we have proved that
if n is odd, LW (z) = 0, som is even. 
Corollary 1.7. LetW be L–rigid. If LW (z) 6= 0, then n is even.
Note that ifW is quasilinear and n is even, then it follows from Proposition 1.4 that
LW (z) = 1 for even n. In this case m = n + 1. Actually, we know only this example of
L–rigidW with LW (z) > 0 andm ≤ n+ 1.
Problem 2. LetW be L–rigid withm ≤ n + 1. Is it true that if LW (z) 6= 0, then m = n + 1
and |LW (z)| = 1? In particular, isW quasilinear?
1.3. Pairs of powers. In [21], using L–rigidity and some simple topology, we proved
that the set of weights w = (wij) of a circle action on a manifold can be divided into
pairs (wij, wkℓ) such that wij = wkℓ with i 6= k for some particular cases (see [21, Theo-
rem 1.1]). Indeed, using only L–rigidity this can be carried out only for some particular
cases.
Problem 3. Let W be an L–rigid. Is it true that the set of powers w = (wij) can be divided
into pairs (wij, wkℓ) such that wij = wkℓ with i 6= k?
2. THE POWER–RIGIDITY PROBLEM FOR SOME CASES
In this section we characterise the rigid sets of powers with signs in some special
cases.
2.1. The case n = 1.
Theorem 2.1. LetW be L–rigid with n = 1. Thenm = 2k is even, and the sets of powers and
signs are
w = {a1, a1, . . . , ak, ak}, s = {1,−1, . . . , 1,−1}.
Proof. Proposition 1.6 yields thatm is even and
LW (z) =
m∑
i=1
εi
zbi + 1
zbi − 1
= 0.
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We may assume that bm ≥ bm−1 ≥ . . . ≥ b1 > 0. Since (zbm − 1)−1 has poles at the bm
roots of unity, there is an integer l < m such that bl = bm and εl = −εm. We can remove
these two powers from W and apply the same arguments for W ′ with m − 2 weights.

2.2. The case m = 2. Consider the following three setsW = {(wij)2×n, s = {ε1, ε2}} of
powers with signs:
(Z) : w1i = w2i = ai, where ai ∈ Z, ai 6= 0, for all i = 1, . . . , n, and ε1 = −ε2.
(L1) : n = 1, w11 = a, w21 = −a, where a > 0, and ε1 = ε2.
(S3) : n = 3, (w11, w12, w13) = (a, b,−(a + b)) = −(w21, w22, w23), where a and b are
positive integer, and ε1 = ε2.
The following theorem has been proved in [19]. Note that its proof is included here
for a local completeness.
Theorem 2.2. LetW be rigid withm = 2. ThenW can only be Z, L1 or S3.
Proof. Without loss of generality we may assume that
|wk1| ≥ |wk2| ≥ . . . ≥ |wkn|, k = 1, 2.
It is easy to see that |w1i| = |w2i| for all i = 1, . . . , n. Moreover, if W is not Z, then
w1i = −w2i for all i. Otherwise, TWx,y(z) cannot be a constant. Therefore, T
W
x,y(z) can be
written in the following form:
TWx,y(z) =
(xza1 + y) · · · (xzak + y)(x+ yzb1) · · · (x+ yzbℓ)
(za1 − 1) · · · (zak − 1)(zb1 − 1) · · · (zbℓ − 1)
−
(x+ yza1) · · · (x+ yzak)(xzb1 + y) · · · (xzbℓ + y)
(za1 − 1) · · · (zak − 1)(zb1 − 1) · · · (zbℓ − 1)
= xkyℓ − xℓyk, (2.1)
where k + ℓ = n and all ai and bj are positive integers.
So for n = 1 we have that W is L1. If n > 1, then k > 0 and ℓ > 0. For y = 0, the
equation (2.1) implies
a1 + . . .+ ak = b1 + . . .+ bℓ (2.2)
Without loss of generality we may assume that a := a1 ≥ ai for all i and a1 > bj for
all j. (As we mentioned above, we cannot have the equality a1 = bj .) Let x = −za and
y = 1. Then (2.1) yields
(z2a − 1) · · · (zak+a − 1)(za − zb1) · · · (za − zbℓ)
(za − 1) · · · (zak − 1)(zb1 − 1) · · · (zbℓ − 1)
= (−1)ℓzak − (−1)kzaℓ (2.3)
Since a > bj , we have aℓ > b1 + . . .+ bℓ. Then (2.3) implies
ka = b1 + . . .+ bℓ (2.4)
Therefore, from (2.2) we have a1 + . . . + ak = ka, a1 = . . . = ak = a, k is odd, and ℓ is
even. Then
(za + 1)k(za−b1 − 1) · · · (za−bℓ − 1)
(zb1 − 1) · · · (zbℓ − 1)
= za(ℓ−k) + 1 (2.5)
Equation (2.5) yields k = 1, ℓ = 2 and a = b1 + b2. Thus, it is the case S3. 
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2.3. The casem = 3.
Theorem 2.3. LetW be L–rigid withm = 3 and n = 2. ThenW is quasilinear.
Proof. In this case we have the following equation for six positive integers a1, a2, b1, b2,
c1, c2:
(za1 + 1)(za2 + 1)
(za1 − 1)(za2 − 1)
+
(zb1 + 1)(zb2 + 1)
(zb1 − 1)(zb2 − 1)
=
(zc1 + 1)(zc2 + 1)
(zc1 − 1)(zc2 − 1)
+ 1 (2.6)
Without loss of generality we can assume that a1 ≤ a2, b1 ≤ b2, c1 ≤ c2 and a2 ≤ b2. Let
us show that b2 > c2. Indeed, otherwise c2 > b2 or c2 = b2. If c2 > b2, then (2.6) has
poles at the c2 roots of unity. If c2 = b2, then c2 ≥ a2 and
(ua1 + 1)(ua2 + 1) = (ua1 − 1)(ua2 − 1), i.e. ua2−a1 + 1 = 0,
where u is any of the roots of the equation zc2 + 1 = 0, a contradiction.
We have that b2 is the maximum power. Since (2.6) has no poles at the b2 roots of
unity, there is one more maximum power and it is a2, i.e. a2 = b2. Therefore, equation
(2.6) can be written in the following form
(za2 + 1)(za1+b1 − 1)
(za2 − 1)(za1 − 1)(zb1 − 1)
=
zc1+c2 + 1
(zc1 − 1)(zc2 − 1)
(2.7)
Equation (2.7) implies that a1 + b1 = c1 + c2 = a2 and a1 = c1, b1 = c2 or a1 = c2, b1 = c1.
Thus,W is quasilinear. 
It is not difficult to see that for the case n = 2 and any m, by similar arguments
as above, all W can be classified. However, the case of m = 3 and any even n looks
more difficult for which we do not have a ready solution now. Actually, this problem
is equivalent to the following:
Problem 4. Consider an equation for 3n positive integers ai, bi, and ci, where i = 1, . . . , n:
(za1 + 1) . . . (zan + 1)
(za1 − 1) . . . (zan − 1)
+
(zb1 + 1) . . . (zbn + 1)
(zb1 − 1) . . . (zbn − 1)
=
(zc1 + 1) . . . (zcn + 1)
(zc1 − 1) . . . (zcn − 1)
+ 1.
Find the largest n for which there exists a solution of this equation. Is it true that there are no
solutions for n > 2?
3. UNITARY CIRCLE ACTION, KOSNIOWSKI CONJECTURE AND RIGID HIRZEBRUCH
GENERA
3.1. Unitary circle action and Kosniowski conjecture. We say thatM is a unitary S1-
manifold if it is a smooth closed manifold with an effective circle action such that its
tangent bundle admits an S1-equivariant stable complex structure.
Each component of the fixed point set of a unitary S1-manifoldM is again a unitary
manifold, and its normal bundle to M is a complex S1-vector bundle with a complex
structure induced from the one on TM ⊕Rr. In particular, the tangent space TpM at an
isolated S1-fixed point p is a complex S1-module. Thus, if M has an isolated S1-fixed
point, then the dimension ofM must be even.
Let M be a unitary 2n-dimensional S1-manifold M with m isolated fixed points
p1, . . . , pm. Denote weights in the tangent S1-representation at pi by wi1, . . . , win and
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its sign by εi, where εi = ±1. For the notions of weights and signs at isolated points,
see [12, 7, 6].
Bott residue formula tells us how to calculate the Chern numbers of M in terms of
the set of weights and signs:
(3.1) 〈cr11 · · · c
rn
n , [M ]〉 =
m∑
i=1
σr11 (wi1, . . . , win) · · ·σ
rn
n (wi1, . . . , win)
εi
∏n
j=1wij
where r1 + 2r2 + · · ·+ nrn = n and σi denotes the i-th elementary symmetric function.
Note that if r1 + 2r2 + · · · + nrn < n, then 〈c
r1
1 · · · c
rn
n , [M ]〉 = 0. This implies that we
obtain many equations for the set of weights and signs (cf. [3], [5]).
Kosniowski in [12] posed the following conjecture.
Conjecture 3.1 (Kosniowski). Aunitary 2n–dimensionalS1–manifold that is not a boundary
has at least [n/2] + 1 isolated fixed points.
In his seminar paper [12], Kosniowski showed that the conjecture holds if the num-
ber of isolated points is less than three.
Recently some related works have been carried on with respect to this conjecture.
For example, Pelayo and Tolman in [23] considered compact symplectic manifoldsM2n
with symplectic circle actions fixing isolated points, and showed that if the weights sat-
isfy some subtle condition, then the action has at least n+1 isolated fixed points. In [14],
Ping Li and Kefeng Liu showed that ifM2mn is an almost complex manifold such that
there is some nonzero Chern number 〈(cλ1 . . . cλr)
n, [M ]〉 where λ = (λ1, . . . , λr) is a
partition of m, then for any S1-action onM , it must have at least n+ 1 fixed points.
On the other hand, for unitary Tn–manifoldsM of dimension 2n, it was showed in
[16] that if M is non-bounding, then there are at least ⌈n/2⌉ + 1 isolated fixed points
(see also [15, 17]). It is known from [1, Lemma 4.2.1] or [6, Lemma 7.4.3] that if M is
a connected smooth orientable closed manifold admitting an action of torus group T k,
then there is a circle subgroup S < T k such thatMS = MT
k
, which is essentially based
upon [4, Theorem 10.5, Chapter IV]. This means that Kosniowski conjecture holds in
the setting of unitaryTn–manifoldsM of dimension 2n, providing a support evidence.
The following theorem also gives an affirmative answer to Kosniowski conjecture in
the case of n ≤ 5 or n = 7.
Theorem 3.2. If n ≤ 5 or n = 7, then a unitary 2n-dimensional S1-manifold that is not a
boundary must have at least [n/2] + 1 isolated fixed points.
Our proof relies on the fact that Tx,y–genus is rigid. We shall introduce this method
below. However, it is not clear if Kosniowski’s conjecture can be proved using only the
rigidity of the Tx,y–genus.
Remark 1. It should be pointed out that in the setting of almost complex closed S1-manifolds
fixing only isolated points, Jang showed in [11] that if an almost complex closed S1-manifoldM
fixes only three isolated points, then dimM must be 4. This implies that Kosniowski conjecture
holds in the setting of almost complex closed S1-manifolds of dimension ≤ 14 fixing only
isolated points.
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3.2. Rigid Hirzebruch genera. Let U∗ be the complex bordism ring with coefficients
in R = Q, R, or C. For a closed smooth stably complex manifold M , Hirzebruch [10]
defined a multiplicative genus h(M) by a homomorphism h : U∗ ⊗R→ R.
Recall that according toMilnor andNovikov, two stably complexmanifolds are com-
plex cobordant if and only if they have the same Chern numbers (see [18, 22]). There-
fore, for any multiplicative genus h there exists a multiplicative sequence of polynomi-
als {Ki(c1, . . . , ci)} such that h(M) = Kn(c1, . . . , cn), where the ck are the Chern classes
ofM and n = dimC(M) (see [10]).
Let UG
∗
be the ring of complex bordisms of manifolds with actions of a compact Lie
group G. Then for any homomorphism h : U∗ ⊗ R → R can be define an equivariant
genus hG, i.e. a homomorphism
hG : UG
∗
⊗ R→ K(BG)⊗ R
(see details in [13]).
A multiplicative genus h is called rigid if for any connected compact group G the
equivariant genus hG(M) = h(M). That means
hG : UG
∗
⊗R→ R ⊂ K(BG)⊗R,
i.e. hG([M,G]) belongs to the ring of constants. It is well known (see [2, 13]) that S1-
rigidity implies G-rigidity, i.e. it is sufficient to prove rigidity only for the case G = S1.
For G = S1, the universal classifying space BG is CP∞, and the ring K(BG) ⊗ R
is isomorphic to the ring of formal power series R[[u]]. Then for any S1-manifold M
and a Hirzebruch genus hwe have hS
1
([M,S1]) in R[[u]]. In the case of an S1-action on
a unitary manifold M2n with isolated fixed points p1 . . . , pm with weights wi1, . . . , win,
and signs εi, i = 1, . . . , m, hS
1
can be found explicitly (see [2, 6, 7, 8, 13]):
(3.2) hS
1
([M,S1]) = Sh({wij}, u) :=
m∑
i=1
εi
∏
j
H(wij u)
wiju
,
where H is the characteristic series of h (see [10, 20]). If h is rigid, then from (3.2) it
follows that
(3.3) h(M) = Sh({wij}, u) for any u.
Atiyah and Hirzebruch [2] based on the Atiyah-Singer index theorem proved that L–
genus (signature) is rigid for oriented S1–manifolds and Ty−genus is rigid for almost
complex S1–manifolds. Krichever [13] gave a proof of rigidity of the Tx,y−genus for
almost complex S1–manifolds using global analytic properties of Sh({wij}, u). In [6, 7,
8] this result was extended for unitary S1–manifolds. Note that in [20] it was showed
that if h is a rigid genus, then it is Tx,y−genus.
Now it is not hard to see that (3.2) yields the Atiyah-Hirzebruch formula for a uni-
tary S1-manifoldM :
(3.4) Tx,y(M) =
m∑
i=1
εix
s+i (−y)s
−
i
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where s+i , s
−
i are numbers of positive and negative weights {wij}. In [13] Krichever
gave the following formula for the Tx,y–genus:
(3.5) Hx,y(u) =
u(xeu(x+y) + y)
eu(x+y) − 1
.
Let z := e(x+y)u. Then (3.2), (3.3), (3.4) and (3.5) imply
(3.6)
m∑
i=1
εi
∏
j
xzwij + y
zwij − 1
≡
m∑
i=1
εix
s+i (−y)s
−
i .
Remark 2. It should be pointed out that the formula (3.6) with signs was first proved by
Buchstaber–Panov–Ray in the 2010 paper [7], and a shorter and more conceptual proof was
given in [6, Theorem 9.4.8].
3.3. Rigidity of powers and S1-actions onmanifolds. Equation 3.6 provides the topo-
logical background of Section 1. Namely, the set of weights W of an oriented S1-
manifold is L–rigid and for unitary actionsW is Tx,y–rigid.
Let M2n be a compact oriented S1-manifold with m isolated fixed points. Then for
the set of weightsW we have
LW (z) =
m∑
i=1
εi = L(M).
It is easy to see that Theorem 2.3 yields the following theorem.
Theorem 3.3. Let M be a compact 4-dimensional oriented S1–manifold with three isolated
fixed points. Then this S1-action must be quasilinear.
Suppose that M2n is a non-bounding unitary 2n–dimensional S1-manifold fixing
only m isolated points p1, ..., pm with weights wi1, . . . , win, and signs εi, i = 1, . . . , m.
Then the Tx,y–rigidity implies the following equation:
TWx,y(z) = Tx,y(M).
For the case m = 2, Theorem 2.2 (see also [19] or [12, Theorem 5]) tells us that there
are the following possibilities for the unitary S1-manifoldM2n:
(Z) : n is a arbitrary integer, w1i = w2i = ai where ai ∈ Z, ai 6= 0, for all i = 1, . . . , n,
and ε1 = −ε2.
(L1) : n = 1, w11 = a, w21 = −a, where a > 0, and ε1 = ε2.
(S3) : n = 3, weights in p1 and p2 are (a, b,−(a + b)) and (−a,−b, a + b) respectively,
where a and b are positive integer, and ε1 = ε2.
3.4. Proof of Theorem 3.2. By Bott residue formula (3.1), we have that any unitary
S
1-manifold M2n with weights and signs satisfying (Z) must be a boundary. We can
also prove a stronger fact that any unitary S1-manifold M2n with weights and signs
satisfying (Z) bounds equivariantly, i.e., it is cobordant to zero in the ring US
1
∗
of com-
plex bordisms with circle actions. In fact, using Atiyah-Bott-Berline-Vergne localiza-
tion formula, we can easily show that all equivariant Chern numbers of any unitary
S
1-manifold M2n with weights and signs satisfying (Z) vanish, and it then follows
from a theorem of Guillemin-Ginzburg-Karshon [9] thatM2n bounds equivariantly.
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In [12] Kosniowski also gave the examples of M21 satisfying (L1) and M
6
2 satisfying
(S3). Actually,M21 satisfying (L1) can be just CP
1 with a linear action of S1:
[z0 : z1] 7−→ [e
iaϕz0 : z1]
andM62 satisfying (S3) can be the 6-sphere S
6 with a circle action. Now by Bott residue
formula (3.1), a direct calculation shows that 〈c1, [M21 ]〉 = 2 and 〈c3, [M
6
2 ]〉 = 2, so both
M21 andM
6
2 are not boundaries.
It should also be pointed out that any unitary S1-manifold M2n fixing exactly an
isolated point is impossible. In fact, by Bott residue formula (3.1), we obtain a contra-
dictive equation
0 = 〈c0, [M
2n]〉 = ε1
1∏n
j=1w1j
6= 0.
Together with the above arguments, we see that for a unitary S1-manifoldM2n fixing
just two isolated points, ifM2n is not a boundary, then n = 1 or 3, satisfying that [n/2]+
1 ≤ 2. This also implies that for a unitary S1-manifold M2n fixing m isolated points
with n 6= 1, 3, if M2n is not a boundary, then m must be at least 3, and in particular,
when n 6= 1, 3 is odd,m is an even number greater than or equal to 4 by Proposition 1.6.
On the other hand, the solution of inequality [n/2] + 1 ≤ 3 is n ≤ 5, and [7/2] + 1 = 4.
This completes the proof of Theorem 3.2. 
REFERENCES
[1] C. Allday and V. Puppe, Cohomological Methods in Transformation Groups. Cambridge Studies in Ad-
vanced Mathematics 32. Cambridge: Cambridge University Press, 1993.
[2] M. F. Atiyah and F. Hirzebruch, Spin manifolds and group actions, in Essays in Topology and Related
Subjects, Springer-Verlag, Berlin, 1970, pp. 18-28.
[3] M. F. Atiyah andI. M. Singer, The index theory of elliptic operators: III, Ann. of Math., 87 (1968), 546–
604.
[4] G. E. Bredon, Introduction to compact transformation groups, Pure and Applied Mathematics, Vol. 46.
Academic Press, New York-London, 1972.
[5] R. Bott, Vector fields and characteristic numbers, Michigan Math. J. 14 (1967), 231–244.
[6] V. Buchstaber, T. Panov, Toric Topology. Mathematical Surveys and Monographs, vol. 204, AMS,
Providence, RI, 2015.
[7] V. Buchstaber, T. Panov, N. Ray, Toric genera. Internat. Math. Research Notices, 16 (2010), 3207–3262.
[8] V. M. Buchstaber and N. Ray, The universal equivariant genus and Krichever’s formula, Russian Math.
Surveys, 62:1 (2007), 178 - 180.
[9] V. Guillemin, V. Ginzburg and Y. Karshon,MomentMaps, Cobordisms, and HamiltonianGroup Actions,
Mathematical Surveys and Monographs, 98, American Mathematical Society, Providence, RI, 2002.
[10] F. Hirzebruch, Topological Methods in Algebraic Geometry, 3rd edition, Grundlehren der mathematis-
chen Wissenschaften, no. 131, Springer, Berlin-Heidelberg 1966.
[11] Donghoon, Jang, Circle actions on almost complex manifolds with isolated fixed points. J. Geom. Phys.
119 (2017), 187–192.
[12] C. Kosniowski, Some formulae and conjectures associated with circle actions, in “Topology Symposium,
Siegen 1979” (Proc. Sympos., Univ. Siegen, Siegen, 1979), 331–339, Lecture Notes in Math., 788,
Springer, Berlin, 1980.
[13] I. M. Krichever, Formal groups and the Atiyah - Hirzebruch formula, Izv. Mathematics of the USSR-
Izvestiya 8 (1974), 1271–1285.
[14] Ping Li and Kefeng Liu, Some remarks on circle action on manifolds, Mathematical Research Letters 18
(2011), 437–446.
[15] Z. Lü, Equivariant cobordism of unitary toric manifolds, in Conference V. Buchstaber–70 “Algebraic
topology and Abelian functions”, 18–22 June 2013, Moscow, Abstracts, 53–54.
9
[16] Z. Lü andQ. B. Tan, Equivariant Chern numbers and the number of fixed points for torus manifolds, Math.
Res. Lett., 18:6 (2011), 1319–1325.
[17] Z. Lü, Equivariant bordism of 2-torus manifolds and unitary toric manifolds: a survey. Proceedings of the
Sixth International Congress of Chinese Mathematicians. Vol. II, 267–284, Adv. Lect. Math. (ALM),
37, Int. Press, Somerville, MA, 2017.
[18] J. Milnor, On the cobordism ring Ω∗ and a complex analogue. I. Amer. J. Math. 82 (1960), 505–521.
[19] O. R. Musin, Circle actions with two fixed points, Math. Notes, 100:4 (2016), 636–638.
[20] O. R. Musin, On rigid Hirzebruch genera, Mosc. Math. J., 11:1 (2011), 139–147
[21] O.R. Musin, Circle action on homotopy complex projective spaces, Math. Notes, 28:1 (1980), 533–540.
[22] S. P. Novikov, Some problems in the topology of manifolds connected with the theory of Thom spaces, Soviet
Math. Dokl. 1 (1960), 717–720.
[23] A. Pelayo and S. Tolman, Fixed points of symplectic periodic flows, Ergodic Theory and Dynamical
Systems 31 (2011), 1237–1247.
SCHOOL OF MATHEMATICAL SCIENCES, FUDAN UNIVERSITY, SHANGHAI, 200433, P.R. CHINA.
E-mail address: zlu@fudan.edu.cn
UNIVERSITY OF TEXAS RIO GRANDE VALLEY, SCHOOL OF MATHEMATICAL AND STATISTICAL SCI-
ENCES, ONE WEST UNIVERSITY BOULEVARD, BROWNSVILLE, TX, 78520, USA.
E-mail address: oleg.musin@utrgv.edu
10
